In this paper, we introduce the concept of a mixed g-monotone mapping and prove coupled coincidence and common coupled fixed point theorems for mappings under φ-contractive conditions in partially ordered generalized fuzzy metric spaces.
Introduction
The theory of fuzzy sets has evolved in many directions after investigation of the notion of fuzzy sets by Zadeh some common fixed point results of maps satisfying the generalized (ϕ, ψ)-weak commuting condition in partially ordered G-metric spaces. Rao et al. [] proved two unique common coupled fixed-point theorems for three mappings in symmetric G-fuzzy metric spaces. Sun and Yang [] introduced the concept of G-fuzzy metric spaces and proved two common fixed-point theorems for four mappings. Some interesting references on Gmetric spaces are [-] .
In this paper, we introduce the concept of a mixed g-monotone mapping, which is a generalization of the mixed monotone mapping, and prove coupled coincidence point and coupled common fixed point theorems for mappings under φ-contractive conditions in partially ordered G-fuzzy metric spaces. The work is an extension of the fixed point result in fuzzy metric spaces and the condition is different from [-] even in metric spaces. We also give an example to illustrate the theorems.
Recall that if (X, ≤) is a partially ordered set and F : X → X satisfies that for x, y ∈ X, x ≤ y implies F(x) ≤ F(y), then a mapping F is said to be non-decreasing. Similarly, a nonincreasing mapping is defined.
Before giving our main results, we recall some of the basic concepts and results in Gmetric spaces and G-fuzzy metric spaces.
Preliminaries
Definition . [] Let X be a nonempty set, and let G : X × X × X → [, +∞) be a function satisfying the following properties:
The function G is called a generalized metric or a G-metric on X and the pair (X, G) is called a G-metric space.
Definition . [] Let (X, G) be a G-metric space, and let {x n } be a sequence in X. A point x ∈ X is said to be the limit of {x n } if and only if lim n,m→∞ G(x, x n , x m ) = . In this case, the sequence {x n } is said to be G-convergent to x. Definition . [] Let (X, G) be a G-metric space, and let {x n } be a sequence in X. {x n } is called a G-Cauchy sequence if and only if lim n,m,l→∞ G(
Proposition . []
In a G-metric space (X, G), the following are equivalent: a, a) ).
Let (X, d) be a metric space. One can verify that (X, G) is a G-metric space, where
is a continuous t-norm if * satisfies the following conditions:
(i) * is commutative and associative; (ii) * is continuous;
Definition . []
A -tuple (X, G, * ) is said to be a G-fuzzy metric space (denoted by GF space) if X is an arbitrary nonempty set, * is a continuous t-norm and G is a fuzzy set on X  × (, +∞) satisfying the following conditions for each t, s > :
which implies that
for all u, v, w ∈ X and s, t > . A GF space is said to be symmetric if G(x, x, y, t) = G(x, y, y, t) for all x, y ∈ X and for each t > . http://www.fixedpointtheoryandapplications.com/content/2012/1/196 Example . Let X be a nonempty set, and let G be a G-metric on X. Define the t-norm a * b = min{a, b} and for all x, y, z ∈ X and t > , G(x, y, z, t) = t t+G (x,y,z) . Then (X, G, * ) is a GF space.
In fact, we only need to verify (GF-). Since
we have
which implies that (GF-) holds.
Let (X, G, * ) be a GF space. For t > , the open ball B G (x, r, t) with center x ∈ X and radius  < r <  is defined by
that is, for any ε >  and for each t > , there exists n  ∈ N such that
is said to be complete if every Cauchy sequence in X is convergent.
Lemma . [] Let (X, G, * ) be a GF space. Then G(x, y, z, t) is non-decreasing with respect
to t for all x, y, z ∈ X.
In the rest of the paper, (X, G, * ) will denote a GF space with a continuous t-norm * defined as a * b = min{a, b} for all a, b ∈ [, ], and we assume that
( P )
and each φ ∈ satisfies the following conditions:
It is easy to prove that if φ ∈ , then φ(t) < t for all t > . Using (P), one can prove the following lemma.
for all λ ∈ (, ] and x, y, z ∈ X, then we have:
Proof () For any λ ∈ (, ], let μ ∈ (, ] and μ < λ, and so, by the triangular inequality (GF-) and Remark ., for any δ > , we have
Since δ >  is arbitrary, we have
() Since G is continuous in its fourth argument, by Definition . of E μ , we have
This proved the lemma.
Lemma . Let (X, G, * ) be a GF space and {y n } be a sequence in X. If there exists φ ∈ such that
for all t >  and n = , , . . . , then {y n } is a Cauchy sequence in X.
Proof Let {E λ (x, y, z)} λ∈(,] be defined by (.). For each λ ∈ (, ] and n ∈ N, putting a n = E λ (y n- , y n- , y n ), we will prove that
Since φ is upper semi-continuous from right, for given ε >  and each a n , there exists p n > a n such that φ(p n ) < φ(a n ) + ε. From the definition of E λ by (.), it follows from p n > a n = E λ (y n- , y n- , y n ) that G(y n- , y n- , y n , p n ) >  -λ for all n ∈ N.
Thus, by (.), (.) and Lemma ., we get
Again by Definition ., we get
By the arbitrariness of ε, we have
So, we can infer that a n+ ≤ φ(a n ). If not, then by (.), we have a n+ ≤ φ(a n+ ) < a n+ , which is a contradiction. Hence, (.) implies that a n+ ≤ φ(a n ), and (.) is proved. Again and again using (.), we get
By Lemma ., for each λ ∈ (, ], there exists μ ∈ (, λ] such that
Since φ ∈ , by condition ( -) we have
which implies that G(y n , y n , y m , ε) >  -λ for all m, n ∈ N with m > n ≥ n  . Therefore, {y n } is a Cauchy sequence in X.
Main results
Definition . [] Let (X, ≤) be a partially ordered set. The mapping F is said to have the mixed monotone property if F is monotone non-decreasing in its first argument and is monotone non-increasing in its second argument; that is, for any x, y ∈ X, Definition . [] Let (X, ≤) be a partially ordered set and F : X × X → X and g : X → X. We say F has the mixed g-monotone property if F is monotone g-non-decreasing in its first argument and is monotone g-non-increasing in its second argument; that is, for any x, y ∈ X,
Note that if g is the identity mapping, then Definition . reduces to Definition ..
with the natural ordering of real numbers. Let g : X → X and F : X × X → X be defined as
Then F is not mixed monotone but mixed g-monotone.
Definition . []
Let X be a nonempty set, F : X × X → X and g : X → X, then () An element (x, y) ∈ X × X is called a coupled coincidence point of the mappings F and g if
F(x, y) = g(x), F(y, x) = g(y).
() An element (x, y) ∈ X × X is called a common coupled fixed point of the mappings F and g if
Definition . The mappings F : X × X → X and g : X → X are said to be compatible if
for all t >  whenever {x n } and {y n } are sequences in X such that Remark . It is easy to prove that if F and g are compatible then they are w-compatible.
Theorem . Let (X, ≤) be a partially ordered set and (X, G, * ) be a complete GF space. Let F : X × X → X and g : X → X be two mappings such that F has the mixed g-monotone property and there exists φ ∈ such that
G F(x, y), F(x, y), F(u, v), φ(t) ≥ G(gx, gx, gu, t) * G gx, gx, F(x, y), t * G gu, gu, F(u, v), t (.) for all x, y, u, v ∈ X, t >  for which g(x) ≤ g(u) and g(y) ≥ g(v), or g(x) ≥ g(u) and g(y) ≤ g(v). Suppose F(X × X) ⊆ g(X), g is continuous and F and g are compatible. Also suppose (a) F is continuous or (b) X has the following properties:
(i) if a non-decreasing sequence x n → x, then x n ≤ x for all n, (  .  )
(ii) if a non-increasing sequence y n → y, then y n ≥ y for all n.
y) and g(y) = F(y, x); that is, F and g have a coupled coincidence point in X.
Proof
Continuing in this way, we construct two sequences {x n } and {y n } in X such that
We shall show that
for all n ≥ . We shall use the mathematical induction. Let n = . Since g(x  ) ≤ F(x  , y  ) and g(y  ) ≥ F(y  , x  ), and as g(x  ) = F(x  , y  ) and g(y  ) = F(y  , x  ), we have g(x  ) ≤ g(x  ) and g(y  ) ≥ g(y  ). Thus, (.) and (.) hold for n = . Suppose now that (.) and (.) hold for some fixed n ≥ . Then since g(x n ) ≤ g(x n+ ) and g(y n ) ≥ g(y n+ ), and as F has the mixed http://www.fixedpointtheoryandapplications.com/content/2012/1/196 g-monotone property, from (.) and (.),
and from (.) and (.),
Now from (.) and (.), we get g(x n+ ) ≤ g(x n+ ) and g(y n+ ) ≥ g(y n+ ). Thus, by mathematical induction, we conclude that (.) and (.) hold for all n ≥ . Therefore,
So, by (.), we have
Now, by Lemma ., {g(x n )} is a Cauchy sequence.
So, by (.), we have G gy n , gy n , gy n+ , φ(t)
≥ G(gy n- , gy n- , gy n , t) * G(gy n- , gy n- , gy n , t) * G(gy n )gy n , gy n+ , t)
= G(gy n- , gy n- , gy n , t) * G(gy n , gy n , gy n+ , t). Now, by Lemma ., {g(y n )} is also a Cauchy sequence. http://www.fixedpointtheoryandapplications.com/content/2012/1/196
Since X is complete, there exist x, y ∈ X such that
Since F and g are compatible, we have by (.)
for all t > . Next, we prove that g(x) = F(x, y) and g(y) = F(y, x). Let (a) hold. Since F and g are continuous, by Lemma ., taking limits as n → ∞ in (.) and (.), we get
Since F and g are compatible and g is continuous, by (.) and (.), we have
Now, we have
for all  ≤ k < . Taking the limit as n → ∞ in the above inequality, by continuity of G, using (.) and (.), we have
By (.), (.) and the above inequality, we have that
Letting k → , which implies that gx = F(x, y) by Lemma ., and similarly, by the virtue of (.), (.) and (.), we get gy = F(y, x) . Thus, we have proved that F and g have a coupled coincidence point in X.
This completes the proof of Theorem ..
Taking g = I (the identity mapping) in Theorem ., we get the following consequence.
Corollary . Let (X, ≤) be a partially ordered set and (X, G, * ) be a complete GF space. Let F : X × X → X be a mapping such that F has the mixed monotone property and there exists φ ∈ such that
for all x, y, u, v ∈ X, t >  for which x ≤ u and y ≥ v. Suppose 
Theorem . In addition to the hypotheses of Theorem ., suppose that for every
Then F and g have a unique common coupled fixed point; that is, there exists a unique (x, y) ∈ X × X such that
Proof From Theorem ., the set of coupled coincidence points is nonempty. We shall show that if (x, y) and (x , y ) are coupled coincidence points, that is, if
. Then, similarly as in the proof of Theorem ., we can inductively define sequences {g(u n )} and {g(v n )} such that
With the similar proof as in Theorem ., we can prove that the limits of {g(u n )} and {g(v n )} exist.
Since (F(x, y), F(y, x) 
